We study the two-photon ionization of the hydrogen atom from its ground state by a three-color electromagnetic field consisting of a superposition of an IR laser and two of its consecutive odd harmonics of order 2p − 1 and 2p + 1, with p a positive integer and constant relative phase difference. The ionization process due to the net absorption of the energy 2phω (ω being the IR laser frequency) is considered. The influence of phase difference and helicity on the azimuthal angular distribution of the ejected photoelectrons is illustrated in the case in which the two harmonics have identical polarizations. Phase effect on the alignment of the differential ionization rate is also investigated.
Introduction
In the class of two-color ionization processes, most experimental [1] [2] [3] [4] [5] and theoretical [6] [7] [8] [9] results refer to above-threshold ionization (ATI) by a coherent superposition of two laser fields containing a fundamental frequency ω and its second harmonic of frequency 2ω [1] [2] [3] [4] 6, 7] or its third harmonic 3ω [5, 8, 9] . The experiment realized by Nakajima [4] on Na in a ω-2ω scenario shows the possibility of direct determination of the quantum phase of continua by a careful choice of laser polarization and also by isolating particular partial waves of the continua of interest through angle-resolved photoelectron detection. Theoretical results [9] illustrating a ω-3ω scenario for ground state hydrogen atoms reveal the possibility of directional separation of one ATI peak from another by proper choice of the field intensities and relative phase between the lasers.
Another two-color ionization scheme previously reported describes the simultaneous interaction of an atomic system with an IR laser and one of its higher harmonics (thirteenth harmonic) [10] . A more general situation is investigated in [11] in which the (N + 1)-color ionization of an unpolarized atom in a radiation field given by the coherent superposition of N consecutive higher harmonics associated with a "Dirac comb" and the laser which has been used to generate them is presented.
This paper continues our previous work [12] regarding phase control in the two-photon ionization of the ground state hydrogen atom interacting with a three-color electromagnetic field, taken as a coherent superposition of an IR laser of frequency ω and two consecutive odd harmonics of order 2p − 1 and 2p + 1, with p a positive integer. In [12] , the influence of some parameters (such as the harmonic orders connected with the integer p and the harmonic intensities) on interference effects in the total and differential ionization rates was investigated in two cases: 1) where the three components of the radiation beam have identical linear polarizations, and 2) where the laser and the higher harmonic have right circular polarization and the other harmonic has left circular polarization or vice versa. Here we focus on the situation (available experimentally) in which all three components of the electromagnetic field are propagating in the same direction taken as the z-axis of a coordinate system. The angular distribution of the ejected photoelectrons is evaluated in the plane in which all the components of the radiation beam are vibrating. Two distinct cases are analyzed: a) where all field components have identical elliptic polarization, and b) where the laser is elliptically polarized and the two harmonics have identical linear polarizations. A phase effect on the alignment of the azimuthal angular distribution is brought out.
Section II contains the analytical expressions for the differential rate of two-photon ionization. Within a nonrelativistic description, the perturbative calculations are done in dipole approximation. The numerical results presented in Sec. III, illustrate the influence of the phase difference and the polarization state of the incident photons on the differential ionization rate.
Analytical expressions
We consider the ground state hydrogen atom subject to a three-chromatic electromagnetic field containing an IR laser of frequency ω and two of its consecutive odd harmonics of order 2p−1 and 2p+1, with the positive integer p satisfying the condition p >| E 1 | /(2hω), E 1 being the ground state energy.
We are interested here by the ionization peak corresponding to the final energy E = E 1 + 2phω. It is reached either by (i) the absorption of two photons, one from the harmonic of order 2p − 1 and one from the laser, or (ii) the absorption of one photon from the harmonic of order 2p + 1 and the simultaneous stimulated emission of one laser photon. In second order perturbation theory, the four diagrams depicted in Fig. 1 are associated with the investigated process. Each interfering two-photon pathway involves the same l final states, namely l = 0 and l = 2. Working in the velocity gauge and in the dipole approximation, we construct the two-photon transition amplitudes in terms of a second-order tensor previously derived by Gavrila [13] . With the help of this tensor, we can express very conveniently the general properties of the angular dependence of the two-photon transition amplitudes. In this work we concentrate on the case in which all three components of the incident radiation are parallel, propagating along the z-axis of a coordinate system. We shall examine the symmetry properties of the photoelectron angular distribution in the two different situations mentioned in the introduction: (a) where all the components of the electromagnetic field have the same polarization state described by the polarization vector s = e x cos(ζ/2)+ie y sin(ζ/2), and (b) where the laser is elliptically polarized (s L = s) and the two harmonics are linearly polarized (s 1 = s 2 = e x ). The vectors e x and e y represent the unit vectors of the x-and y-axes of the coordinate system, which are chosen along the semimajor and semiminor axes of the ellipses described by the radiation components. The angle ζ (−π/2 ≤ ζ ≤ π/2), named the ellipticity angle, determines the helicity (h = sin ζ) of the field (h > 0 and h < 0 designate the left and right elliptically polarized light, respectively). The values ζ = 0 and ζ = ±π/2 correspond to linear and circular polarizations, respectively.
In the following, we shall consider first the ionization of the ground state hydrogen atom by the bichromatic field consisting of a laser and only its harmonic of order 2p − 1. The differential ionization rate (scaled by the square of the laser intensity) of the absorption of two different photons is given by
where I 1 and I L mean the harmonic 2p − 1 and laser intensities, respectively. In Eq. (1) the quantity K has the expression
where m e is the electron mass, c is the velocity of light, and α is the fine structure constant. We have denoted by k =hω/ | E 1 | the dimensionless energy of the laser photon, and by I 0 the atomic unit for radiation intensity. The transition amplitude M 12 reveals the structure
where n = p/p is the unit vector corresponding to the ejected photoelectron momentum p. The two vectors s L and s 1 represent the polarization vectors of the laser and harmonic, respectively. They are normalized such that s j · s *
Each of the quantities B 1 and B 2 is the sum of two invariant dimensionless amplitudes V 1 and V 2 :
The analytical expressions for V 1 and V 2 are
where
The two variables of the Appell function F 1 are
The parameter τ associated with each diagram in Fig. 1 , is given by
The expressions for the parameter Λ, corresponding to the two diagrams involved in B 1 and B 2 (first two diagrams in Fig. 1 ) are
In conclusion, the two amplitudes B 1 and B 2 depend on the frequencies ω and (2p − 1)ω through the parameter τ , and on the photoelectron energy E through parameter η.
In case (a), there is an interference term in | M 12 | 2 , with the analytical expression
which is not invariant under the transformation ζ → −ζ or φ → −φ. Its behavior under the operation φ → −φ is responsible for the reduction of rotational symmetry, while that under ζ → −ζ, for dichroic effects. In (10) the angles θ and φ are the polar and azimuthal angles of the photoelectron momentum, respectively. The azimuthal angle φ of the photoelectron momentum is measured counterclockwise from x−axis. In situation (b), the term corresponding to (10) is given by
According to Eq. (11) the asymmetry is maximal for ζ = π/2, while in case (a), it is maximal for ζ = π/4. Next, we shall turn to ionization in the presence of the bichromatic field containing the laser and its harmonic of order 2p+1, leading to the same energy E = 2phω as before. The scaled differential ionization rate is
where the angular and helicity dependence of M 34 is emphasized by
Similarly, each amplitude B 3 and B 4 is the sum of the two invariant dimensionless amplitudes V 1 and V 2
Now, the expressions of parameter Λ, corresponding to the last two diagrams in Fig. 1 , are
In conclusion, the amplitudes B 3 and B 4 depend on the photoelectron energy E and the frequencies ω and (2p + 1)ω. In agreement with Eq. (13), the quantity | M 34 | 2 is invariant under the operations ζ → −ζ and φ → −φ only in case (a) for which the azimuthal angular distribution of the ejected photoelectrons exhibits a fourfold rotational symmetry. This symmetry reduces to a twofold one in case (b) due to an interference term of type (11) .
Returning to the two-photon ionization induced by the coherent superposition of the laser and its harmonics of order 2p − 1 and 2p + 1, the differential ionization rate divided by I 2 L is
where δ is the constant relative phase difference between the two harmonics and φ L is the phase of the IR laser field. Since the phase of the IR laser is constant in an experiment of the measurement of the angular distribution of the ejected photoelectrons, it can be fixed at 0. Hence, the differential ionization rate depends mainly on δ, the phase difference between the two harmonics. The last term in Eq. (16) is an interference one. After substitution of (1), (2), (12), and (13) into the last term of Eq. (16) we find a term responsible for the reduction of symmetry and for dichroism of the azimuthal angular distribution of the ejected photoelectrons. It is expressed by
in case (a), and by
in case (b). The expressions given by Eqs. (17) and (18) are evaluated in the x-y plane in which all three components of the electromagnetic field are vibrating (θ = π/2). Note the invariance of the interference term under the simultaneous transformations δ → δ + π and ζ → −ζ in both situations (a) and (b) presented in this work. We also stress the maximal asymmetry in differential ionization rate for ζ = π/2 in the second case investigated here.
Numerical results and discussions
In this work we present numerical results for the azimuthal angular distribution of the photoelectrons ejected in the process of the hydrogen ionization due to the net absorption of energy 2phω when the atom simultaneously interacts with a Ti:Sapphire laser (hω = 1.55 eV) and its harmonics of order 2p − 1 and 2p + 1 with p ≥ 5. The situation in which all three components of the incident radiation field are propagating along the same direction taken as the z−axis of our coordinate system is considered. The azimuthal angular distribution of the ejected photoelectrons is evaluated in the x-y plane. In all the graphs, the differential ionization rates are multiplied by the same factor of 10 15 . We illustrate here the case in which the helicity of the radiation field is positive (ζ > 0).
First, we analyze the situation in which the laser and harmonics have identical elliptical polarizations. If the three components of the radiation beam have identical circular polarizations, the differential rates G 12 and G 34 of the two interfering processes are independent of the azimuthal angle φ of the photoelectron momentum, since the squared modulus of the two amplitudes M 12 and M 34 have the expressions
respectively. Therefore, in a polar representation, the two differential rates G 12 and G 34 are represented by circles. For ζ = ±π/2, the interference term in Eq. (16) has the analytical expression
We note its invariance under the simultaneous operations δ → δ + π and φ → φ + π/2. The extremes of T ± (δ, φ) are located at the azimuthal angle φ given by
The azimuthal angle φ obtained from Eq. (20), corresponding to the maximum of T ± (δ, φ), coincides with the angle of the maximum of electron ejection because in Eq. (16), the first two terms G 12 and G 34 are φ-independent. In conclusion, in the case of identical circular polarizations, the dependence of the differential ionization rate dΓ/dΩ (given by Eq. (16)) on the azimuthal angle φ has the structure
where the amplitudes a 1 and a 2 are phase-dependent. The phase dependence of the scaled differential ionization rate (I −2 L dΓ/dΩ) is presented in Fig. 2 . A preliminary analysis shows that the interference effects are not strongly modified by changing the helicity of the radiation beam. For this reason we shall illustrate the case of identical elliptic polarizations (Figs. 2-4 ) for ζ = π/2, i.e. identical circular polarizations. The curves are plotted for φ = 0, I 1 /I L = I 2 /I L = 0.1, p = 5 (full line), p = 11 (dashed line) and p = 15 (dot-dashed line). We note the strong interference effect for p = 11. This explains why in the last two figures we choose p = 11. We can observe, from Fig. 2 , the destructive interference occurring at δ ≃ 7
• for p = 11. We also note the slow shift of the curve extremes with the change of p. The decrease of the magnitude of the differential ionization rate with the increasing of the photon energy of the two harmonics, namely (2p − 1)hω and (2p + 1)hω, is mainly due to the denominators 2p − 1 and 2p + 1 from the expressions of G 12 and G 34 , respectively. • . (c) Same as (a), but for δ = 180
• .
In Fig. 3 , we show the three differential ionization rates: dΓ 2p−1 /dΩ given by Eq. (1) (the differential rate for process (i) associated with the two-photon absorption, one from the laser and one from the 2p − 1 harmonic), dΓ 2p+1 /dΩ given by Eq. (12) (the differential rate for process (ii) corresponding to the absorption of one photon from the 2p + 1 harmonic and the simultaneous emission of one laser photon), and dΓ/dΩ given by Eq. (16) (the differential ionization rate due to the simultaneous interaction with the laser field of its harmonics of order 2p − 1 and 2p + 1), as polar diagrams for p = 5, I 1 /I L = I 2 /I L = 0.1. All three differential ionization rates are scaled by the square of the laser intensity. We choose δ a = 0
• in panel (a), δ b = 90
• in panel (b), and δ c = 180
• in panel (c). We observe that in this case, the interference effects are not very strong because the magnitudes of the two differential ionization rates G 12 and G 34 are not very close. We note that the maximum value of the azimuthal angular distribution represented in the three panels is exactly the same. This fact can be explained by Eq. (16) in which the first two terms G 12 and G 34 are φ-independent and the last interference term has the particular expression given by (19) . The angle between the horizontal axis, here the x-axis, and the direction of the maximum ejection of the photoelectrons is φ max,a ≃ ) and, also, the differential ionization rates dΓ/dΩ, representing the magnitude of the lobes of the azimuthal angular distribution at the angle of the maximum ejection of the photoelectrons, remain unchanged.
Since the amplitudes B 2 , B 3 and B 4 entering in the differential ionization rates G 12 and G 34 depend on the photon energy of the two harmonics (2p − 1)hω and (2p + 1)hω, we expect a change in the direction of the maximum ejection of the photoelectrons with the modification of p. We also note that in agreement with Eq. (20), this direction is not modified by the relative intensity of the two harmonics. Figure 4 also displays the three differential ionization rates: dΓ 2p−1 /dΩ, dΓ 2p+1 /dΩ, and dΓ/dΩ, but for p = 11. In this figure, we choose δ a = 7
• in panel (a), corresponding to destructive interference at φ = 0
• , and δ b = 187
• in panel (b), corresponding to constructive interference at φ = 0
• . Comparison between the two panels shows that the alignment of the azimuthal angular distribution of the investigated process is changed by the phase difference δ. As in the previous figure, the maximum value of the azimuthal angular distribution represented in the two panels remains unchanged. Now, the angle difference φ max,a − φ max,b is π/2, so that the condition exp
The last figure shows the three differential ionization rates: dΓ 2p−1 /dΩ, dΓ 2p+1 /dΩ, and dΓ/dΩ, in the case in which the harmonics are linearly polarized and the laser has left circular polarization. A similar graph to that represented in Fig. 2 for φ = 0 and I 1 /I L = I 2 /I L = 0.1 indicates destructive interference at δ ≃ 7
• for p = 11. The strong interference occurring at δ ≃ 187
• is illustrated in panel (b). We also choose two others values of δ, namely 97
• in panel (a) and 277
• in panel (c). The very small values of Im(B * 1 B 2 ) and Im(B * 3 B 4 ) explain the fourfold rotational symmetry of the differential ionization rates dΓ 2p−1 /dΩ and dΓ 2p+1 /dΩ. Only the process due to the interference of the two processes (i) and (ii) from Fig. 1 has a twofold symmetry. For δ = 187
• the alignment of the azimuthal angular distribution is diverted away from the x-axis, here to the horizontal line which is the polarization axis of the two harmonics. Comparison between panels (a) and (c) shows that the azimuthal angular distribution of the investigated process (full curve) is symmetric with respect to reflection across the polarization direction of the two harmonics. This symmetry property is equivalent to the reversal of the sign of the helicity (left versus right). This can be explained by Eq. (18), in which the change δ → δ + π leads to the same result as the transformation ζ → −ζ. In summary, we have presented results based on second order perturbation theory for the differential rate in the ionization of atomic hydrogen initially in the 1s state by a three-color field: an IR laser and its harmonics of order 2p − 1 and 2p + 1, with p a positive integer. We consider the ionization peak corresponding to the continuum state of the energy E 1 + 2phω. It can be reached by two interfering processes: (i) the absorption of two photons, one from the harmonic of order 2p − 1 and one from the laser, and (ii) the absorption of one photon from the harmonic of order 2p + 1 and simultaneous stimulated emission of one laser photon. The numerical results illustrate the helicity and phase dependence of the azimuthal angular distribution of the photoelectrons. Phase control over the alignment of the differential ionization rate is also emphasized.
